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1.  Detection
Suppose the Doppler spectrum associated with returns from a collection of drops can be characterized by a Gaussian


where Sn is a white noise spectrum with mean Sn0 and Z is the integral of the signal above the noise.
The threshold for detection is when maximum of the signal (assumed confined to one bin) has a reasonable probability of exceeding the largest value expected for the noise level (see discussion in appendix of Moran et al. 2012)


Here σn is the standard deviation of the noise and a is the factor computed based on the number of spectral bins.  This gives the condition


where NA is the number of spectral averages.
Note that the total noise level, Zn, is the integral over the noise spectrum


Where Np is the number of spectral points and Δw is the spectral resolution.
Detection occurs at Z>=Zo such that


where the factor a is defined by the largest expected value of the random fluctuation of noise in Np velocity bins:


In other words, a signal observed greater than this level is larger than the likely largest noise value in any of the Np velocity bins.  
Or, 



This gives a formula for the minimal detectable SNR when all the signal is confined to one bin (



This is the same relation as Moran et al. except for the factor .  For the PSD Wband in VOCALS Np=128 and NA=8, so SNRo=-17.7 dB.  

2.  Velocity Minimum
Now consider the case of a Doppler spectrum where there is some spreading across multiple bins due to various broadening mechanisms (turbulence, shear, beam width, numerical effects,…).  The spectral moments are computed by locating the peak and finding the min (wn) and max (wx) velocities where the spectrum first encounters the mean noise spectrum (Hildebrand method)
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Figure 1.  Sample Doppler spectrum illustrating signal, noise, and the min/max velocities for the moment processing algorithm.
Shupe et al. (2008) suggested using wn to estimate the true air motions


Where δw accounts for the broadening.  If drizzle is present with the cloud droplets, it is argued that wn is still associated with air motions provided the contribution of drizzle to the spectrum at the low velocity end does not swamp the cloud droplet component.  However, it is clear that as SNR increases, then wn will move further to the left of the peak of the distribution even at fixed Doppler width.  We can show this quantitatively my assuming that the point corresponding to wn will occur approximately when the signal has decreased to the level of the noise on the noise:


The factor of the sqrt(2) on the RHS occurs because the sampling variance of both the signal and the noise are additive and comparable near the crossing point.
	We can write this as


However, we can express the first term in SNR


Take the log of both sides of the equation and solve 

=F(aΔw /σ,ΔSNR)
	We have done some simple random Gaussian simulations of this effect.   An examples is shown above (Fig. 1) where we have compared S-Sn to Sn-Sn0 and found the minimum velocity where the signal S first hits the noise (Sn0) as per the normal Doppler moment processing or when S-Sn equals the uncertainty in the noise as per the equation above.  We ran multiple simulations and compare the mean values of F to the equation above (Fig. 2) with reasonable agreement.  One point about this result, if you want an unbiased estimate of Z, then SNR must be sufficiently large to resolve most of the actual area of signal.  In other words, wn and wx must be wider than σ so that the signal is far enough above the noise.  This occurs for F>1.6 or, in our specific case here, SNR>-11.  At low SNR, the algorithm will underestimate the SNR, overestimate σ, and estimates of <w> will become noisier.  Also, one confusing result is for σ=0.05 (i.e., the width of the intrinsic signal is less than  the Doppler bin resolution) where the formula and the simulation do not agree well.  
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Figure 2 Comparisons of width formula and simulations for intrinsic spectral widths of 0.3, 0.1, and 0.05 m/s.



3.  Application to Wband stratus cloud data
We have taken a few examples of Wband data from the VOCALS08 experiment in the stratocumulus region off Chile.  For the first example, we chose an hour when the cloud is fairly thin and there is very little drizzle.
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Figure 3 Time-height cross section of SNR and Doppler velocity for Day 316, hour 0500 during VOCALS.  The line in the upper panel is ceilometer cloud base.  The bottom panel shows LWP.

In this case cloud top is about 1.1 km and cloud base is about 0.85 km.  While there is some drizzle present in the lower part of the cloud, we have assumed that at cloud top the radar return is dominated by cloud liquid water.  If we assume a linear liquid water profile, we can estimate a profile of dBZ for both the cloud and drizzle returns.  This is shown if Fig. 4.  We can also use this information to compute the variable  as defined by Kollias et al. 2011.  In this example χ is 11 dB at cloud top, 0 dB at 100 m depth, and -11 dB at 200 m depth; cloud dBZ corresponds to  -17 SNR at 175 m (i.e., cloud return should be totally undetectable).  The ceilometer cloud base gives a mean cloud thickness of 250 m.  It is obvious from Fig. 3b that drizzle is present because there is return below cloud base and also the mean Doppler velocity is greater than 0.  Based on these estimates, the cloud return dominates the drizzle return in the upper 5 range gates of the cloud.  
[image: ]
Figure 4 Profile of cloud properties for 316, 0500.  The left panel shows the total dBZ (circles), the cloud dBZ(red line with x's) and the drizzle dBZ (green line) assuming mostly cloud return at cloud top.  The right panel shows mean fall velocities.
One way to look at this data in a wn context is to focus near cloud top where we know there are strong cloud returns.  The data have been re-processed to add wn and wx to the files.   In Figs. 5 we show the number of spectral points between the mean velocity and wn as a function of SNR for a level near cloud top.  We have used the formula and the simulations of F to estimate the number of points as F*σ/Δw.   At low SNR we assume essentially no drizzle in the return.  The mean SNR is -9.6 dB and the mean reflectivity is -27 dBZ.  From these figures it appears that σ=0.05 m/s gives a better fit to the data a low dBZ.  We infer that the increase in the values for larger SNR reflect the presence of drizzle.  This is consistent with the skewness at this level (not shown) which is very small but positive and increasing with dBZ – hinting at the presence of a drizzle mode in the larger dBZ bins.
	We can also look at time series.  Fig.  6 shows the time series of mean Doppler and wn at two levels in the cloud – cloud top and 125 m below.  The standard deviation of vertical velocity is about 0.8 m/s but the std of the difference (Wmean-Wn) is about 0.1 m/s.  The mean of the correction is about 0.2 m/s.  At cloud top <wm>=0.06 m/s, <wn>=-0.19, and < F*σ>=0.22; 125 m deep in the cloud top <wm>=0.19 m/s, <wn>=0.00, and < F*σ>=0.22.  These values imply near-negligible mean gravitational fall speed, Vg.  If we estimate Vg as wm-(wn+ F*σ), then we can plot it as a function of dBZ and get a more detailed depiction of possible drizzle contributions (see Fig. 7).  There is a hint of fall velocity on the order of 0.1 m/s at -22 dBZ; similar results are obtained at 125 m deep in the cloud.
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Figure 5 Plot of number of spectral points between the first value above the noise and the mean for cloud top height. as a function of SNR.  Expected values for pure cloud liquid are shown assuming 0.05 and 0.10 standard deviation.



[image: ]
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Figure 6.  Time series of mean vertical velocity (green) and spectral minimum (blue) - upper panel; and, the difference Wmean -Wn with the model estimate (green) using σ=0.05 m/s.  A: cloud top, B: 5 levels down.
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Figure 7. Vertical velocities at cloud top: mean Doppler (blue) and estimate of Vg from mean Doppler and spectral minimum (green)

However, this interpretation that σ is on the order of 0.05 m/s is not universally obvious.  The paper by O’Conner et al. (2005) suggest that the turbulence broadening can be estimated as



where σt is the subgrid turbulence broadening of the total Doppler width while σm is the standard deviation of the resolved-scale Doppler velocity for time interval tm.  The length scales are 
Here U is the relative wind speed at the range gate of height z and Θ is the beamwidth.  For the PSD Wband radar during VOCALS, the ratio is about 0.12.  In Fig. 8 we show an example of the 30-s values of Doppler width/2, σm , and σt from 316-0500.  Mean σ30=0.37 m/s or σt =0.128 m/s; for VOCALS shear broadening and beam broadening are both about sqrt(0.005).  These values imply non-DSD σ on the order of 0.16 m/s.  The mean total Doppler width determined value is 0.155 m/s.  If we use (8) from Shupe et al., then we get δ=0.16-sqrt(0.16^2-0.16^2)=0.16 m/s.  Fig. 6b suggests the offset is on the order of 0.2 m/s.

[image: ]
Figure 8. Time series of vertical velocity STD estimates.  The green line is the median from the 0.3-s Doppler width; the blue line the STD of 30-s time blocks, σ30, as per O’Conner et al. 2005; the redline is an estimate of the turbulence STD as sqrt(0.12)* σ30.

4.  Pinsky Retrievals
Looking at the stratocumulus data from VOCALS2008 it is apparent that the Shupe et al. spectral edge method is not going to be useful for the majority of the observations – there is just too much drizzle.  It appears that the Shupe method may be very useful in the upper 100-m or so of the cloud where χ>0.3.  Figs. 9 and 10 shows dBZ and W profiles for a typical day in VOCALS (contrast to the low-drizzle example of Fig. 4).   Notice in this case dBZ increases downward until cloudbase.  Fig. 11 shows the time series at 125 m deep in the cloud for this case.  Now you and see large updrafts (e.g., 1.5 min and 6.5 min) that clearly are carrying drizzle with fall velocities approaching 1.5 m/s.  This likely explains why the mean Doppler is negative near cloud top (updrafts are preferentially carrying heavy drizzle).
Because we want cloud/drizzle and Vg/Wt separation throughout the cloud, we have been working with the statistical method of Pinksy et al. 2010.  This approach makes assumptions about the correlations between Z, Vg, and Wt.   In this methods you compute two simple statistics of the velocity – the mean and the standard deviation at fixed values of Z:
<Wm(Z)> and θ(Z)=sqrt(<Wm(Z)-<Wm(Z)>)2>
Pinksy et al. show that if Z and Wt are uncorrelated, the we can separate the turbulent and gravitational components as
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Figure 9. Time-height cross section of SNR and Doppler velocity for Day 323, hour 1000 during VOCALS.  The bottom panel shows LWP.
[image: ]
Figure 10 Profile of cloud properties for 323,1000.  The left panel shows the total dBZ (circles), the cloud dBZ(red line with x's) and the drizzle dBZ (green line) assuming mostly cloud return at cloud top.  The right panel shows mean fall velocities.
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Figure 11.  Time series of mean vertical velocity (blue) and spectral minimum (green) - upper panel; and, the difference Wmean -Wn with the model estimate (green) using σ=0.05 m/s.  





Here the parameter a0 is a constant at each height in the cloud


So if θ(Z) is independent of Z, then a0/ θ(Z)=1 and all of the turbulent fluctuations are captured by Wm-<Wm>.  Also, if a0/ θ(Z)<1, then the turbulent variance is less that the variance of Wm-<Wm>, i.e., some of the variance in Wm is associated with variance in Vg.   For your amusement, we can look at the non-drizzly case from 316-0500.  Fig. 12 shows <Wm> and θ(Z) as functions 
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Figure 12.  Standard deviation (upper) and mean (lower) of the vertical velocity from day 316 hour 0500. The numbers in the legend indicate the range gate level indexed down from nominal cloud base.
[image: ]
Figure 13.  Pinksy factor a0/θ vs dBZ at various heights in the cloud for VOCALS 316 hour 0500.


of Z.  We have fit these with linear regressions and computed a0 and  (Fig. 13).    The 
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Figure 14. Standard deviation (upper) and mean (lower) of the vertical velocity from day 323 hour 1000.
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Figure 15.  Profile of Pinksy a0 factor and radar return fraction for 232 hour 1000.  The Pinksy factor is only shown for return fraction greater than 0.5.

[image: ]
Figure 16. Pinksy factor a0/Theta vs dBZ at various heights in the cloud for VOCALS 323 hour 1000.

PInksy factor is close to 1.0 except at the lower and upper dBZ limits, which are at the margins of the data.   Fig. 14 shows the same information as Fig. 12, but for the typical VOCALS drizzly day.  Fig. 15 shows the profile of a0 for these data and Fig. 16 shows  for this case.  Notice in Fig. 14 that the STD decreases with dBZ.  Also, <Wm> tends to be positive near cloud top for higher values of dBZ.  
I have only looked at a few cases so I don’t know what is smoothest form of the variables to use.  Fig. 15 implies that a0 is almost a constant throughout the cloud, slightly smaller near cloud top where turbulent motions are suppressed by the inversion.  Simon has done a Pinksy analysis for the entire VOCALS dataset and produced a dBZ-height composite mapped from cloud top down.  This is shown in Fig. 17.  Simon uses an averaging method instead of linear regression, which may yield slightly different results.  Simon’s analysis suggests mean a0 is on the order of 0.3, but I think it should certainly scale with σw of the cloud, which varies considerably over the field program.  In the case shown in Figs. 14-16, <a0/σw>=0.83±0.08.



[image: ]
Figure 17.  dBZ-Height composite analysis of Pinsky factor a0/θ(Z).  The values are given in the  color bar on the right.  0 on the height axis corresponds to cloud top height.  The magenta line is 30*a0; the black lines are contours of the number of observations.  
At this point it is amusing to look at some results from Pinky retrievals with the cases shown here.  Fig. 18a is the same as Fig. 7 but with the Pinksy result for Vg added as the red points.  Fig. 18b shows the result 5 levels deeper in the cloud.  These comparisons look pretty good.  Fig. 19 shows similar results for 323 1000 for cloud top, 5 and 10 levels deep in the cloud.  At 5 levels deep there is considerable disagreement in the behavior of Vg with dBZ; the Pinksy method also produces the pinched effect in the middle dBZ range (I assume this is where a0/θ = 1.0).  Agreement is better at 10 levels deep. At 15 levels deep there is disagreement for low dBZ, but it is not clear we can trust the spectral minimum method here.  So what does this mean?  Maybe it is best to not look too closely at the results!!  However, I would like to suggest one way of thinking about the Pinksy effect.  Consider the distribution of blue points in Fig. 18a.  The spread of the points is essentially independent of Z which means θ(Z) is a constant, Wt=Wm, implying that there is no correlation between Z and Wt.   Now consider the distribution in Fig. 18b.  This is a bit arrowhead shaped with the pointy end at larger Z. The Pinksy algorithm will make adjustments to the points.  At low Z (a0/θ<1), the fat end of the distribution with be 


[image: ]
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Figure 18.  Vertical velocities in cloud for 316 at 0500: mean Doppler (blue), an estimate of Vg from mean Doppler and spectral minimum (green), and an estimate of Vg from Pinksy retrieval.  Upper panel (a): cloud top; lower panel (b): 5 levels down in the cloud.


[image: ]
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Figure 19.  Vertical velocities in cloud for 323 at 1000: mean Doppler (blue), an estimate of Vg from mean Doppler and spectral minimum (green), and an estimate of Vg from Pinksy retrieval.  Upper panel (a): cloud top; 2nd panel (b): 5 levels down in the cloud; 3rd panel (c): 10 levels down in the cloud; bottom panel (c): 15 levels down in the cloud.
narrowed and at high Z (a0/θ>1), the narrow end of the distribution with be widened.  The final result is that the distribution of Wt will be uniform across the range of Z.  Also note that at small Z, Vg’ will have the same sign as Wt but at large Z, Vg’ will have the opposite sign.  Thus, at small Z <WtVg’> will be positive and at large Z, <WtVg’> will be negative.  Averaged over all Z,. <WtVg’>=0 (by Pinsky assumption).  This seems to suggest that any region with a0/θ<1 must be compensated with a region of a0/θ>1 to keep the total correlation 0.
	There are numerous flaws in the simple way we have implemented the Pinksy analysis.  It is not clear the regression approach is good and we have not dealt very effectively with the poor statistics ends of the distributions.  It is not clear that Shupe’s edge method is informing us a lot.  It is interesting to contrast the results in Fig. 19b which is 125 m deep in the cloud where we sort of expect the edge method to be valid.  The edge method gives a nice looking Vg vs Z  but is it right?  The Pinsky method is a prisoner of the mean Vg vs Z relationship.  In the upper part of the cloud there are a lot of + Doppler at very low Z.  I am guessing this is parcels dried by entrainment where the cloud water is evaporated and only drizzle remains.  If that is true, then the Pinksy results are right.  There is a lot of interesting turbulence/cloud physics buried in these data.
 
5.  Vertical Velocity Statistics
Once we have separated the turbulent and gravitational vertical velocities, we can perform standard statistical analyzes.  For example, Fig. 20 shows vertical velocity probability density distributions for the raw observed Doppler, the turbulent velocity and the residual droplet gravitational fall velocity.  Fig. 21 shows distributions as a function of turbulent vertical velocity at multiple levels in the cloud.  There is a number distribution and a dBZ (intensity of the scattered return) distribution – 4 levels near cloudtop and 4 levels just below those.  Notice the dBZ distributions are flat, suggesting there is no coupling of vertical motion and cloud drop scattering properties.  The range gate right at cloudtop has almost symmetric velocity distribution but the distribution becomes more skewed (cloudtop convection driven) as you move down into the cloud.  









[image: ]
Fig. 20.  Probability distributions of vertical velocities at 5 equally spaced levels from cloud top to near the bottom of the radar return (10 levels in this case).  The red dots are Doppler, green line the gravitational component, and the solid black line is the turbulent component.  At cloud top the gravity component is almost all cloud drop return.
[image: ]
[image: ]
Fig. 21.  Number of observations and mean dBZ in bins of turbulent velocity obtained using the Pinksy method.  Upper panel is levels 1-4, lower panel is levels 9-12.
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